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A CHAIN FUNCTOR FOR BORDISM()
BY
STANLEY O. KOCHMAN

ABSTRACT. Chains of differential graded abelian monoids are defined for
bordism and cobordism theories. These chains are used to define matric
Massey products and can be filtered so as to define the Adams spectral
sequence. From this point of view, we prove three basic theorems which
show how Massey products behave in the Adams spectral sequence.

1. Introduction. The fundamental difference between singular homology
and generalized homology is that the former is defined as the homology of a
chain functor of differential graded abelian groups. This point of view has
proved to be useful for understanding examples and proving theorems.
Unfortunately no generalized homology theory can be defined as the
homology of a chain functor of differential graded abelian groups. (See R. O.
Burdick, P. E. Conner and E. E. Floyd [6].) However, a generalized homology
theory can be defined as the homology of a chain functor with a weaker
algebraic structure than that of an abelian group. Thus D. W. Anderson [4]
defines chain functors of differential graded groups and A. Kock, L. Kristen-
sen and I. Madsen [11] define chain functors of differential graded loops.

In §2 we define a differential graded abelian monoid. In §4 we define a
chain functor of differential graded abelian monoids for any bordism theory.
These chains are generated by manifolds with rigid structure which we define
in §2. In §5 we use Spanier-Whitehead duality to define a cochain functor of
differential graded abelian monoids with an associative product for any
cobordism theory.

The applications of this theory appear in §§6, 7, 8 and in [10]. In §6 we
show how the Atiyah-Hirzebruch and Adams spectral sequences for cobor-
dism can be defined from filtrations on the cochain functor of §5. In §6 we
develop a theory of cobordism Massey products which translates to G. J.
Porter’s higher products [17] under the Thom-Pontrjagin isomorphism. In §8
we use the point of view of §6 to show that cobordism Massey products
behave exactly like their algebraic cousins [14] in the Adams spectral
sequence. In [10] we will use the results of §8 to compute 23, by analyzing the
classical mod two Adams spectral sequence [1]. The theorems of §8 also apply
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168 S. 0. KOCHMAN

to the classical and BP* Adams spectral sequences for ITS.

In §9 we will show that the results of §§4, S, 7 and 8 apply to Brown-Peter-
son homology.

We summarize the notation which will be used throughout this paper. R is
a subring of the rational numbers and N is the monoid of all nonnegative
numbers in R. We work in a partially coordinate-free setting using the
content and language of J. P. May [15, Chapters I, II]. Thus L means “is
orthogonal to”, + refers to internal direct sum, \ means disjoint union and *
refers to one-point compactification. R* is the inner product space with
orthonormal basis {5,|1 < k < o0} and R" is the vector space with basis
{bys...,by}. RY =Rb; + -+ +Rby_; + R*by,RY =R, +--- +
Rby_, + Rby, S¥ =R)*, S¥=RY)* and S¥ =RY)*. B always
denotes a (B, f)-structure. (See [12] or Definition 3.1.) B determines a
bordism theory 9 , and a cobordism theory % * in the usual way [5].

The author expresses his appreciation to E. H. Brown, D. S. Kahn, J. P.
May and L. Smith for stimulating conversations and helpful suggestions.

2. Differential graded abelian monoids. A differential graded abelian
monoid, or DGM for short, is the algebraic model for bordism chains and
cobordism cochains. A DGM is similar to a chain complex with abelian
groups replaced by abelian monoids. In addition, the geometric technicalities
make it convenient to allow a DGM to consist of a set of graded abelian
monoids with isomorphic homology in each degree. We require that the
homology of a DGM be an abelian group by means of a “chain map” 7 and a
“chain homotopy” ¢ from 7 + 1 to zero. Thus in homology 7, = —1.

We will also define a pairing of DGMs. This definition is the algebraic
model for the bordism chain cross-product and the cobordism cochain
cup-product which we define in §5.

We call an abelian monoid M an N-module if for all m € M and all
positive integers n with 1/n € N the equation nx = m has a unique solution
for x € M. Let M” be a submonoid of an abelian monoid M’. Recall that
M’/M" is defined as the abelian monoid M’ modulo the following equiva-
lence relation: m, ~ m, if there are q,, g, € M” with m; + g, = my + ¢q,. If
M’ and M" are N-modules then M’/ M" is also an N-module. For example,
H_[M,] below is given by Kernel 3/ Image 3. Since H,,[M,] is an N-module
and an abelian group, it is also an R-module.

DEFINITION 2.1. (a) A differential graded abelian monoid (DGM) has the
following structure:

(1) There is a Z-graded indexing set I = {I,|n € Z}.

(2) For each A € I, we have a “complex”:

) 9 9
Mx =[Mn+l)—)Mn)__)M -IJ\"')Mn-Z,A = 0].



A CHAIN FUNCTOR FOR BORDISM 169

Each M, , is an abelian monoid with cancellation and an N-module such that
only zero has an additive inverse. 9 is a linear map such that 32 = 0.

(3) For each A € I, there are linear maps 7: M, > M,,,, m € {n -
Lnn+1},ando: My, > M, 15, gE€E{n—1,n} such that 97 = 79, ¢?
0,70 =0andod+do =7+ 1.

(4) For a, B, y € 1, there are group isomorphisms ¥, 5: H,[M,] = H,[Mj]
such that ¥, , =1, ¥g, = ¥ 3 and ¥, o ¥, 5 = ¥, . Thus H,[M] is well
defined.

(b) We call M an absolute DGM if in addition to (1)-(4) above there are
group isomorphisms ¥,: H,_|[M,] = H,_,[M]foralla € I,.

(©) A generating set G for a (absolute) DGM M consists of subsets G, of
each M, , which are closed under 9, 7, o and span M,, , over N. Furthermore,
for all A € I, the cycles of G, span H,[M,] (and H,_,[M,]) over R.

(d) A map of (absolute) DGMs f: M "— M" consists of DGMs M’ and
M indexed on I and linear maps f,\: M, — M, forall A € I,, m € {n
= 1,n,n + 1}. We require that the f,,, commute with 7, 3 and ¢, and that
the f,,,» commute with the ¥,z (and ¥,). If all the f,,, are injective maps
then we call M’ a sub DGM of M”.

Notes. (1) A quotient of DGMs may not be a DGM because of condition
).

(2) The set of singular manifolds will be a generating set for the absolute
DGM of bordism chains.

(3) If M is a (absolute) DGM indexed on I then we also call the cocomplex
M* indexed on I* a (absolute) DGM. Forn € Z, I* = I_, and for A € I},
me{n+1l,nn—1,n-2} welet M},=M_,,. We let d, 7, 6 induce
linear maps 9*, 7%, o* on M} of degrees +1, 0,—1, respectively. If f:
M’ — M" is a map of (absolute) DGMs then we also call f*: M'* - M”"*.a
map of (absolute) DGMs.

Let 4, B, C be DGMs with generating sets. A pairing p which realizes a
pairing p,: H[A] ®x H[B] - H[C] will be defined to be a pairing p of
generating sets which induces p,, in homology. The domain of definition S, of
p need not be all of G# X G, but S, is large enough to induce all of | Py
This condition is imposed on us by the geometnc fact that the product of two
manifolds in R® is defined only if the manifolds lie in orthogonal subspaces.

DEFINITION 2.2. (a) Let A4, B, C be DGMs with generating sets
G“, G%, GC. Let an R-module homomorphism p,: H[4] ®z H[B] - H[C]
are given. A pairing p. of DGMs which realizes p, consists of a set S, C G4
X G® X I€ and a function p: S, - G such that:

(D) If (a, b, §) € S, then p(a, b § E Gy C wherep = dega + deg b.

Qlfmnez then there are A € I" yEIP and ¢ IS, , such that
(Gar X Gy X {§}) N S, # Q. Furthermore, if (G, X G2, X {¢))n S, #
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@ then
G\ X GE ={(a,b)|(a,b,¢) € S, forsome & € I, , }.

Q) If (a,b,8§) €S, then (1a,b,%), (a,7h,§) € S, and p(ra, b, §) =
w(a, b, §) = Tu(a, b, §).

@ If (oa, b, §) or (a, 0b, §) is in S, then (a, b, §) € S,. In the first case
p(oa, b, §) = op(a, b, §), while in the second case u(a, ob, §) = ou(a, b, §).

(5) If (a, b, §) € S, then (9a, b, §), (a, b, £), (3a, 3b, §) € S, and

du(a, b, £) + op(da, 3b, £) = pu(da, b, £) + T9%(a, 3b, £).

(6) If (a, b, §) € S, with 9a = 0, 9b = 0 then p,(a] ® [b]) = [n(a, b, §)].

(b) If A = B = C in the preceding definition then 4 is called a differential
graded monoidal algebra or DGMA for short.

(c) A map of paired DGMs f: (4, B, C, p) > (4’, B’, C’, p’) consists of
maps of DGMs f4: 4 - A’, f8: B— B’ and f€: C — C’ such that:

M) Ky o (F2 @ f2) = 5 ©

@ (" X f* X 1(S,) C S,

() if (a, b, §) € S, then fu(a, b, §) = p'(f*(a), f7(b), §).

3. Manifolds with rigid structure. The set of all manifolds 9 with rigid
%R -structure, together with all ¢(9N), 3a(IN), will be a generating set for the
absolute DGM of bordism chains. A manifold with rigid % -structure differs
from the standard notion [12] of a manifold with % -structure in two ways.
First, a rigid manifold 9T is a fixed subset of R™ rather than a manifold with
an isotopy class of embeddings in R®. Secondly, a rigid % -structure on M is
a fixed % -structure on a fixed tubular neighborhood of M rather than an
equivalence class of 9D -structures on tubular neighborhoods of M.

We define the three basic operations of boundary, product, and union
of manifolds with rigid % -structure. We then define the Pontrjagin
construction @ of a manifold M with rigid % -structure as a specific map.
The standard definition would give % (M) as a homotopy class of maps.
Under @ the three basic operations above correspond to restriction of a map
to the boundary of its domain, the smash product of two maps, and the union
of two maps which agree on the intersection of their domains.

We recall the definition of a (B, f)-structure [12] in the language of J. P.
May [15].

DEFINITION 3.1. A (B, f)-structure (B, 9, w), or B for short, consists of an
§-functor (%, w) and a morphism of J-functors §: B — BO such that each
(V) is a fibration. ((BO, 1, w) is defined in Examples 3.2 below.) A map of
(B, f)-structures G: B — B’ is a morphism of §-functors such that § =
e G.

ExaMpLEs 3.2. Define the (B, f)-structure BO by BO (V) = BO(VF) and
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9 = 1. (The notation is taken from [15, Chapter I, §1].) If G is a classical
group then BG, with 9 the natural projection, is a (B, f)-structure. Recall that
BG(V)=0(WVEXVE/GWVE X O(VE) where K is R,C or H. In
particular, framed structures Bfr are given by G = e. Natural projections
define the following maps of (B, f)-structures:

Bfr — BSp —> BSU —> BU — BSO — BO.

It is customary for purposes of bordism theory to consider manifolds
embedded in RY, RY if OM = @, 0M # @, respectively. This convention,
however, is too restrictive to define Massey products. We therefore define
domains to replace RY and RY. The subspace U of R® which is included in
the structure of a domain will be used to determine the classifying bundle for
manifolds in the domain. A set of domains with nonempty boundary will be
the indexing set J for our DGMs.

DEerINITION 3.3. (a) Let V be a finite dimensional subspace of R®. A
k-dimensional domain in V, 9 = (D, ¢, U), consists of: (1) a noncompact
submanifold with corners D of V [7],

(2) a homeomorphism ¢: S* — D*, @: SX — D* for 3D = @, 3D + @,
respectively,

(3) a subspace U of V.

(b) Let 9 be a k-dimensional domain in ¥ with 0D # Q.

Then there are (k — 1)-dimensional domains 9%, 9, ,%_ in V and a
(k — 2)-dimensional domain %, in V. 39 = (aD, ¢|S*", U), 9D, =
(PRE™Y), ¢[SE7L U), D = (@R, (p|SE™Y) o %, U) and 9, =
(@(R ), 9|S*72, U). v: R* > R* by

y(toy+ - -+ b)) =06+ - - -+ 4_1b_y — by

The homeomorphism ¢ above will be used to interpret the Pontrjagin
construction from a homotopy theoretic viewpoint. We are now ready to
define a manifold with rigid % -structure.

DEFINITION 3.4. O = (M", (—1)%, D, T, F), a manifold with rigid 8-
structure in V, is given by the following data:

(1) 9 is a k-dimensional domain in V.

(2) M is a compact smoothable n-dimensional PL-submanifold of D with
k — n=0mod 4.

(3)0M = M naD.

(4) T is an open neighborhood of M in D. »: T — M is a normal bundle of
M in D with T N M = »~'(3M).

T

E(U)
) v Su

M Fo B(U)
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F is a map of vector bundles. {, is the pullback along J(U) of the associated
UZ-bundle to the universal principal O (UJ)-bundle.

(6) (— 1) is a formal sign to keep track of the orientation of M.

Observe that we make no identifications between 4-tuples 9% and 9N’
which differ in any way whatsoever. We next give five operations on rigid
manifolds.

DEFINITION 3.5. Let 9N, 9N’ be manifolds with rigid % -structures in V, V7,
respectively.

(@ Let H: B - B’ be a map of (B, f)-structures. Then H,(ON) =
(M, (-1), D, T, H(U) o F) is a manifold with rigid % '-structure.

(b) The boundary of 9N is the manifold with rigid % -structure in V" given
by

M = (M, (—1)***, 99, T NdD, FIT naD)
where 3¢ = (3D, ¢|S*~1, U).

(c) The negative of 9N is the manifold with rigid % -structure in ¥ given by
T = (O, (= 1)+, D, T, F).
(d)If VLV then

M X M =(MxM,(-1)%9D XD, TXT,0e(FXF))

is a manifold with rigid B -structure in V + V.8 =e + & + nk’ if 9O’ =
O,whiled=¢e+¢& +nk' + kif 9O £ @.D X D' =(D X D', J*o (p A\
¢), U+ U’). J: RE X RE 5> RE*F, with a, o, B nothing or plus, is the
juxtaposition map followed if « = a’ = 8 = + by rotation on the last two
coordinates.

(e) M U O’ is defined as a manifold with rigid B -structure in V if all of
the following conditions hold:

W)V=V,U=U,n=n"and (-1)** = —1.

(@D N D’'=03D =9D’ # P and ¢|S*~! = ¢/|S¥~ 1.

BGMnM =IM=0M'.

@D TNnDOND)=T'"Nn(DND)=TNnTVTNT=VITNT
and F|T N T’ = F'|T n T'. If these conditions hold then

MUM =(MUuM,(-1)Du09D,TuT,FuUF)

D uUD =(DuU D¢ U (¢v*), U) where y is defined in 3.3(b).

Observe that IM X 9N’ is defined using internal direct sum rather than
Cartesian product. Thus there are no differences as sets between M X M’
and M’ X M. Also note that I U I’ is defined if and only if M’ U I is
defined. However, M U 9N’ and 9N’ U 9N have opposite orientation.

DEFINITION 3.6. Let 9N be a manifold with rigid 9 -structure in V. Define
the Pontrjagin construction ¥ (9N) as the following composite map:
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D*5D(0)/S() 5D (8)/S(%y) = MB(V).
k is the collapsing map. D (), D ($,)[S (#), S (§,)] denote the total spaces of
the disc [sphere] bundles associated to », {;;, respectively. MF is the map
induced on quotient spaces by F|D (»).

In the language of J. P. May [15, Chapter II] M% is a prespectrum. Thus,
(=19 (9N) o ¢ determines an element in 7 _ g, (M B) if IO = @, or
determines that an element in m_ g, y— (M B) is zero if M # B. The
following theorem is an immediate consequence of the preceding definitions.

THEOREM 3.7. Let O, O’ be manifolds with rigid B -structures.

@ If H: B >DB’ is a map of B-structures then P(H (M) =
MH(U) > 9(ON).

() P (39N) = P (O)[aD.

©) If M X O’ is defined then P (M X IM') = P(M) A P(ON).

(d) If M U O’ is defined then P (M U M) = P(IM) U P (IMN).

4. Bordism chains. We use manifolds with rigid % -structure to construct a
functor CB ,( ; R) from the category of CW pairs to the category of DGMs
indexed on J such that H,[CR( ; R)] is naturally isomorphic to

B .(; R). This definition extends from CW complexes to spectra. We omit
the details, however, because they involve redoing this section from a second
viewpoint so that chain level suspension maps can be defined.

The functor CB ,(; R) will merit the title of a chain functor because for
(X,A4) a CW pair, CB,(4; R) will be a sub DGM of C% (X; R).
Furthermore, this inclusion will induce the long exact sequence of the pair
(X, 4) in homology. The latter fact is a nontrivial matter. A short exact
sequence of DGMs does not always induce a long exact sequence in
homology. (See Example 9.2.)

DEFINITION 4.1. A monoid valued chain functor €, for a homology theory
h, is a functor from the category of CW complexes to the category of
absolute DGMs indexed on I. For all CW pairs (X, A),A € I,, and m € {n
— 1, n, n + 1}, the following conditions hold:

(1) C,(4) is a sub DGM of C,(X), and C (X, 4) = C(X)/C,(4) is a
DGM.

(2) There is a natural isomorphism ®: H,[C( ),] = h,() from the category
of CW pairs to the category of abelian groups.

(3) The followmg dlagram commutes:

H, @(A);\]—’H [L(X)A]—-’H [ex, A);\]“""H I[G(A);\]——’Hn 1 [,
gl@ =1L =P =1d =|d

o) —> () —2 (X, A)—2 () —2s b (D)
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The bottom row is part of the long exact sequence of the CW pair (X, 4),
while the maps in the top row are induced in the usual way from the data
given in (1) above.

We are finally ready to define the bordism chains of a space. The definition
is analogous to that of singular chains. The singular simplexes and the
integers, however, are replaced by manifolds with rigid % -structures and N,
respectively. In addition we will impose a cutting and pasting relation. (See
relation (3) below.) This relation is essential in proving that H,[CB (X, A),]
= B,(X, A) and that the boundary formula of Definition 2.2 holds for the
pairings of §5. The elements o(91) below can be thought of as formal copies
of [0, 1] X 9.

For the remainder of this paper J will denote the following specific
indexing set. J, is the set of all k-dimensional domains % such that 96 # @,
k>2n+2andk — n=1mod4.

DEFINITION 4.2. (a) Let X be a space, D € J,and m € {n — 1,n,n + 1}.
Let 9™, 9! denote manifolds with rigid % -structure and domains
9,99, D,,D_ or D, gt M— X and h: N— X are continuous maps.
CB,,(X; R)g is a free “N-module” F,(X; R)g modulo five relations.
F,(X; R) has as basis the set of all (9N, g), o(I"~" !, h)if m = n + 1; the
set of all (9N, g), o(IU"" 1, h), 06(IMN™, g) if m = n; or the set of all
O™, g), do(IM™, g) if m=n— 1. We call (9", g) a manifold with rigid
% X X-structure. Furthermore, 9,7 and ¢ are defined on the bases of
F*(X; R)ﬁl) by a(%’ g) = (a %9 gla%)’ aao(%’ g) = Oa 7(%’ g) =
(9, g), 76(IM, g) = a(IM, g), 130(IM, g) =33(IM, g), 00(N, g) = 0 and
6do(9N, g) = 26(IM, g). We impose the following relations on F,,(X; R)q to
define C%,,(X; R)q.

RELATION 1. (O © M/, g W g)~ (O, g) + (O, g)if T N T’ = @ and
e=¢,

RELATION 2. 96(9, g) + 00 (M, g) ~ (O, g) + (I, g).

RELATION 3. (O U M, g U g") + a(OMN' N M”, g|M’' N M”") ~
O, g)+ ", g")if m=n, M U IM” is defined, M’ has domain D,
OL” has domain D_ and g'|M' N M” =g"|M'n M".

RELATION 4. If a ~ b then a(a) ~ o(b).

RELATION 5. If a + ¢~ b + ¢ then a~ b, ie., cancellation holds in

(b) The images G,(X)g in CB,(X; R)g of the above bases of the
F,(X; R)q define a generating set G for the DGM C% ,(X; R).

(c) Let f: X—> Y be a continuous map. A unique linear map f,:
CB,.(X; R)g— CB,,(Y; R)gis induced by

(M, 8) = (M, feg), f,0=0f, and f,0=df,
(d) Let H: ® — B’ be a map of (B, f)-structures. There is a unique linear
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map
H,: CB,(X; R)g— CB,(X; R)q
induced by

H (,g) = (H,(9V),8), H,3=03H, and H,o=oH,.

The following theorem says that the preceding definition of C%B ,(X; R)
has all of the algebraic structure of an absolute DGM required by Definition
2.1.

THEOREM 4.3. CB ,(; R) is a functor from the category of topological spaces
to the category of absolute DGMs indexed on J. G is a natural generating set for
CB,(; R). If H: B >DB’ is a map of (B,f)structures then H,:
CB (5 R)> CB.(; R) is a natural transformation.

ProOF. The required isomorphisms ¥, and ¥, will be constructed in
Theorem 4.4. The only other nontrivial point is that in each C%,,(X; R)g
only zero has an additive inverse. If x + y = 0in C%,,(X; R)g then we can
find x,y’, e, &, B in F,(X; R)q such that {x'} = x, {y'} =y, a + o(B) ~
x' + y’' + e by Relation (2), and a + 6(B) ~ e = y + 0(8) by Relations (3)
and (4). Thus, the summands of a are cut and pasted to form y. Triangulating
each summand of a, 3, v, 8 shows that the number of m-simplexes of a
equals the number of m-simplexes of y. Hence a = y = 0 and o(8) = x’ +
y' + e. Thus B + o(A\) ~ 8 + 6(£) and the preceding argument implies that
B =0.Hence x’ =y =0.

We will prove next that CB ,( ; R) is a chain functor for the bordism
theory b ,(; R). Recall from [2] that B ,(; R) = B () ®, R. We will use
M. Atiyah’s definition [5] of %,(X) as the abelian group of bordism classes
of singular manifolds (M", g). M" is a closed smooth manifold with -
structure as in [12], and g: M — X. Addition in B, (X) is induced by disjoint
union of manifolds. We define % ,(X, A) as the relative bordism group of the
pair of “(B, f)-structures” (B X X, B X A)asin[19, p.9].

THEOREM 4.4. CB ,(; R) is a chain functor for the bordism theory % ,( ; R).

Proor. The general case follows from the case R = Z by a direct limit
argument. We begin by producing the isomorphism @ in the absolute case.
Every cycle in C% ,(X) is a linear combination of closed manifolds modulo
Image do. Hence @ is induced by ®[(IM, g)] = {(M, g ° 9)}. M is ¢~ (M)
with % -structure determined by the rigid B -structure of 9. Define ¥:
B,,(X) > H,[CB(X)s] by ¥{(M, &)} = [(ON, g ° o). M is p(M) with
any rigid % -structure which determines the % -structure of M. Clearly
®o¥ =1 and Vo ®=1. Thus the proof of the absolute case will be
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complete if ® and ¥ are well defined. We leave this verification for ¥ to the
reader.

The main problem in showing that ® is well defined is to show that the
algebraic cutting and pasting relation can be realized geometrically by
bordism relations. That is, if 4y,...,4,, By,..., B, are connected closed
manifolds with rigid % X X-structure such that 4, + + 4, = B,
+ - + B, in CB,(X)q then we must show that 4, U - - - U A ~ B,

U B This cutting and pasting by Relation 3 can be accomplished
geometrically by an iteration of cutting and pasting along one connected
manifold. There are two cases. The first case is the case p = g = 2 of the
general problem. In the second case each of two manifolds A4, E is cut to
form a manifold with boundary. These two manifolds are then pasted
together to form a connected manifold B. In Figure 1 we produce a cobor-
dism W which shows that 4, W A, ~ B, \y B, in Case l or A W E~ B in
Case 2.

The definition of ¥ extends to the relative case. This map will be an
isomorphism by applying the Five Lemma to the diagram of Definition
4.1(3). We must check that the top row of that diagram is an exact sequence.
We leave most of this verification to the reader and prove here that Kernel j,
C Image i,. Let j,[(9N, g)] = 0. Then in CB, (X)q,

(O, g) + i(a) +3(x) = i(a’) +3 ().

Hence 3 (a) =3 (a’) in CD,_,(4)q where Relation 3 does not apply. Let &
denote plus or minus and let (9U"~!, h) € CD,_,(4)y be a connected
manifold with rigid % X A-structure. Then the number of connected
components of @, @’ with domain ), and a boundary component equal to
(9U"~1, h) are the same. Thus we can find a, € CB,(A4)g with 3 (ap) = 79 (a)
and a+ ay— 6d(ay) = C, a + ay— 0d(ap) = C’' defined in CR,(A)q
Then [(9R, g)] = i [C] — i,[C’] is in Image i,.

COROLLARY 4.5. Let (X, A) be a CW pair, and let (9N, g) be a manifold with
rigid ® X X-structure such that g(0M) C A. Then (9N, g) is homologous to
zero in CB (X, A) if and only if (9N, g) is relatively cobordant to zero via
rigid manifolds.

COROLLARY 4.6. Let X be a based CW complex. Define the reduced bordism
chains of X by
CR,.(X;R)q=CB, (X% R),
where ) € J,,m € {n — 1,n,n + 1}. Then %*(X; R) is an gbsolute DGM

indexed on J, and there is a natural isomorphism from H,[CB,.(; R)] to
B,(; R).
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Case 1
1} x X, {1} x Vg

{0} x X —>

{0} x Z —

A, =XVUY, B =X UV,
A,=UVUV, B,=Y,UlUy,
Z=XNY=UNV=X,0NV;=Y,NUp,
((Z) = two sided collar of Zin 4; fori=1,2,
S,=S-Int(2) forS=X, Y, U7V,
W= x4,)U{ x4,).

Case 2
Il"’
]
{0} x Q2) — {1} x AZ) — 0} xal)-{
‘\
\\
/1 /\ N 0} xE

©) x4 =7

B ={1) x4, B = {1} xE,
B=B'UB", {0,1} xZ=B'NnB",
QZ) = two sided collar of Z in A4, E,
S;=S-Int(Z) forS=A4,E,
W=( xA)U( % E).

FIGURE 1. The cobordism W
PRrOOF. The only nontrivial assertion is that 9 ,(X) is an absolute DGM.

Let ) € J,.
0—9%, (,R)— 3, ;R —> 3, (X, R)—>0

=7, =,

Hy_ 116805 )] —> H, _, 080K R)g] s H, _, [FBCE: R, ]
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The above diagram is commutative, and the top row is exact. j, is onto
because 9 is zero on CB,_,(X; R)q and clearly Kernel j, = Image i,.
Hence the above diagram induces the desired isomorphism.

5. Cobordism cochains and products. Let 5, be the category of triples
[(X, Y), D(X/Y), u] where (X, Y) is a finite CW pair and u: (X/Y) A\
D(X/Y)— S? is a p-duality map. (See [8].) A morphism F = (f, Df) in §,
from [(X, Y), D(X/Y),u] to [(X', Y'), D(X'/Y"), u'] consists of maps f:
X/Y—->X'/Y" and Df: D(X’'/Y')—> D(X/Y) such that the following
diagram homotopy commutes.

1 A\ Df

X/Y ADX'/Y") X/Y AD(X/Y)
Al u
X'/Y" A DX'Y") “ SP

We construct a cochain functor for ® * from §, to the category of absolute
DGM:s.

DEFINITION 5.1. Let J be the indexing set given by JP = J,_, for
p>nFor[(X,Y),D(X/Y)ul€S,,D €JPandm€E€ {n—1,nn+1}
define

CR™(X, Y; R)g=CB, (D (X/Y)iR),.
If F = (f, Df) is a morphism in Sp then define F* = Df,. As special cases,
we have

CA*X;R)=CR*X,*;R) and CR*(X;R)=CB*(X*,»R)
where X * = X v {*}.

THEOREM 5.2. CR*( ; R) is a functor from S, to the category of absolute
DGMs indexed on JP. H*[CR *( ; R)] is naturally isomorphic to ®"( ; R).
The natural generating set of C% ,( ; R) defines a natural generating set for
CR*(;R).

Proor. This theorem follows from Corollary 4.6 and the basic properties of
Spanier-Whitehead dualtiy.

We now have all the necessary definitions to realize the bordism cross-

product, the bordism smash-product and the cobordism cup-product as
pairings of DGMs.

THEOREM 5.3. (a) Consider the cross-product
B B (X5 R) ?%*(Y; R)-> B (X X Y;R)
for CW complexes X, Y. Then p, can be realized by a natural pairing p of
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DGMs such that if (O, &), (ON”, g"), D) € S, then
p((, &), (I, "), D) = (M X A", g’ X g").
(b) Consider the smash-product
et Bo(X; R) gé"ﬁ*(y; R)> B (X A Y;R)

for based CW complexes X, Y. Then p., can be realized by a natural pairing
of DGMs such that if (', &), (IN", "), D) € S, then
H((, g), (N7, 8), D) = (M X M, < (g X g"))-
7: X X Y— X A Y is the natural projection.
(¢) Let [X,DX,u]l €S, and let (A, DA) be a morphism in &,, from
[X, SPDX, S?u] to [X N\ X, DX N\ DX, u A\ u] with A the diagonal map.
Consider the cup-product

p*: B*(X; R) g@*(x; R) - B*(X; R).

p* can be realized by a pairing p. of DGMs from CB* (X; R), CB * (X; R)
indexed on J® to CH* (X A\ X; R) indexed on J@P). S, is defined from the
case i of (b) where X = Y = DX, and p = A* ° ji. By abuse of language we

call CH*(X; R) a DGMA.

PROOF. () S, contains the following elements.

M) (O, g, (IM”, g"), D) € S, if D X D’ is defined, M’ # B, IOM”
#@,D'X D" =D,dD’X D" =D, and D’ XoD” = D_.

2 (9, g), (", 8"), D) E S, if D' X D” is defined, IM’ = B or
OM” =@,and D’ X D” € {D,dD, D, D_, D).

(3) (@M, £), Y(IM",8"), D) € S, if D’ X D” is defined, I’ = @ or
0" =@, D'X D" €{dD,D,,D_, Dy} and ¢,y €(1,0,9). p is
defined by the condition given in (a) above and by Definition 2.2(a)
3), @, (5.

(b) The definitions of S, and p are similar to the definitions above.

(c) These assertions follow from (b) and the fact that p* = (DA), ° p,.

Observe that the cobordism cross-product and the cobordism smash-
product can also be realized by cochain pairings.

6. Spectral sequences. Spectral sequences which occur in the study of
generalized homology theories are defined from exact couples. If such a
spectral sequence involved bordism theories, we would hope that the spectral
sequence could be defined by a filtered DGM. However, a short exact
sequence of DGMs does not automatically determine a long exact sequence
in homology. Thus, in general a filtered DGM does not determine an exact
couple as in [13, Chapter XI, Theorem 5.4] and hence does not determine a
spectral sequence. However, in Definition 6.1 we list additional conditions
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that a filtered DGM must satisfy. In Theorem 6.2 we show that such a
filtered DGM does determine a spectral sequence. We then show that both
the Atiyah-Hirzebruch and Adams spectral sequences for cobordism are
defined by a filtered DGM.

All spectral sequences in this section are cohomology spectral sequences.
Definition 6.1 and Theorem 6.2 have obvious analogues for homology
spectral sequences. Theorems 6.3 and 6.4 have analogues with bordism
replacing cobordism. We leave the formulation of these results to the reader.

DEFINITION 6.1. M is a filtered DGM indexed on I if there are absolute
DGMs F?M for p > 0, such that:

(a) For p > 0, F?*'M is a sub DGM of F’M.

(b) F°M = M and N2 FPM = 0.

(c) For p>0 and r>1, FPM/FPF*'M is a DGM and F’M -
FPM /FP*'M is a map of DGMs.

(d) Forallp > 0, r > 1 and A € I,, the following short exact sequence of
DGMs induces five terms of a long exact sequence in homology.

0—- FP*"M — FPM — FPM / FP*"M — 0.

) Let A€, me€{nn+1} and x € FPM,, such that d(x) =0. If
[x] = 0in H™[FPM] then x € d(F*M).

(f) Let A € I, and x € FPM,,, such that d{x} = 0 in F*?M,,/F?*'M,,. If
[{x}] = 0in H"[F*M/F?*"M] then x € d(F"M) modulo F**"M.

Let M be a DGMA with generating set G. We call M a filtered DGMA if
M is a filtered DGM such that:

(® Forp>0and r>1, G n FPM is a generating set for F?M and
G N F”M projects to a generating set for FPM / FP+'M.

(hIfa € FPM,b € FM and (a, b, §) € S, then u(a, b, §) € FP+M.

THEOREM 6.2. Let M be a filtered DGM. Then & is an exact couple of
abelian groups.

2 HIFP*'M] - 3 H[FPM]
p>-1 p»0
&= 0 /
> H[FPM/FP*'M]
p>0

Let {E,},5, be the spectral sequence determined by &.

(@) For A €1, define ZP" 7 = (x € FPM,,|d(x) € FP*'M,,,,} and
BP"P = {d(y) € F’M,,|Y € FP~"*'M,_,,} + FP*'M,, 0 ZP""P. Then
EPn=P = Zpn=P [ BPn=P_ Furthermore, if x € ZP"~? with {x} = 0 in EP""?
then x € d(FP~"*'M) modulo FP*'M.
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(b) If x € ZP* then d,{x} = {d(x)} in EP*"*. Furthermore, if {x} € EP*
is in Image d, then there is y € ZP~"* with x = d(y) modulo FF*'M.
(c) E_, is the associated graded R-module of H[MY] with respect to the
filtration
FPH[ M] = Image(H[ F’M] — H[ M]).
(d) If M is a filtered DGMA then:
() {E,},5 is a spectral sequence of R-algebras.
(ii) Forp > Oandr > 1, {{x}|x € G n ZP*} spans EP'* over R.
(i) If x,y € G N Z, and (x,y,§) € S, then {x}- {y} = {p(x,y, §} in
E,.
PrOOF. Recall that E, = Z,/B, where Z, =3 ~'(Image i"~") and B, =
Jj(Kernel i"~"). (See [13, Chapter XI, §5].) By Definition 6.1(d) and [9,
Theorem 1.10.2] we have the following long exact sequence.

- S H [ Py Frerm) S H FPM M )

Lu M From] S -
Define an isomorphism I': E»* — ZP*/BP* by I'(x) = {y} if /[{y}] = x.
This proves (a) and the remainder of the proof follows from Definition 6.1 by
standard arguments.
The Atiyah-Hirzebruch spectral sequence for % * can now be defined from
a filtered DGM exactly as the Serre spectral sequence is defined for singular
cohomology.

THEOREM 6.3. Let F —' E —” B be a Serre fibration of finite CW complexes.
Assume that B is connected and that m,(B) acts trivially on H (F). Define

F'CB*(E; R) = Image[ CB*(E,p~'(B"""); R) » CR*(E; R)].
Then CR*(E; R) is a filtered DGM which defines the Atiyah-Hirzebruch
spectral sequence [2, Part 111, §7]:

E3' = H°(B; ®'(F; R)) = % *'(E; R).
ProoF. We show that
H[F"CB*(E; R)] = B*(E,p~'(B"~"); R)
and
H[Fk@% t(E; R)/Fk-i-re% *(E; R)] = *(p_'(B(k"")),p_'(B(k)); R).
These isomorphisms imply that C%® *(E; R) is a filtered DGM. It determines
the spectral sequence of the exact couple which defines the Atiyah-

Hirzebruch spectral sequence [2]. Let dim B = N and use iterated mapping
cylinders to insure that
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+=D(E/pT'B")C---C D(E/p"'(B(k)))
(*) CD(E/p~'(B* V) c--- cD(E/p~'(B?))
=DE C D(E*). |

Hence F"CH*(E; R) = éTB*(E/p"(B(”“)); R) and H[F"CB*(E; R)]
= P*(E,p~Y(B™Y); R) as asserted above. For N > k + r > k > 0 we see
from (*) that

H[Fk@%*(E;R)/F’”"@%*(E; R)]
= H[%*(D(E/P"(B(k))); R)/%,(D(E/p"(B("""))); R)]

=~ ?B*(D(E/p_'(B(k))),D(E/p"l(B(k""))); R)
= B*(p~'(B**"), p~1(BP); R).

Consider the generalized Adams spectral sequence [2, Part III, §15] which
converges to B *(F)E. For p a prime, we also consider the classical mod p
Adams spectral sequence which converges to B *(F) modulo all g-torsion for
q prime, ¢ # p. We consolidate our notation by denoting the preceding
quotient by B *(F)X%), Thus the classical mod p Adams spectral sequence
becomes the “case” E = K(Z,) of the generalized Adams spectral sequence.
The cochains of §5 are not suitable for defining this spectral sequence. We
replace them by cochains which depend on a fixed Adams resolution Y.
These cochains are a filtered DGMA if Y, realizes a differential algebra C
and Y, A Y, realizes C ® C. These hypotheses can be met in the following
two cases. The first case is E = K(Z), p is prime and C is the cobar
construction. The second case is B = Bfr, F=+ and Y, = E? as in [2, p.
319]. The product on this C is the shuffle product, which is associative. This
spectral sequence converges to (75)~.

THEOREM 6.4. Let E be a ring spectrum, and let F be a finite CW complex.
Consider the Adams spectral sequence of algebras:

*) E, = Extg 5)(EA(F), EJ(MB)) = B*(F)".

There are two cases:

(1) (*) may be the classical Adams spectral sequence [1] with E = K(Z,) and
p prime. In this case we define R = Z.

(2) (*) may be the generalized Adams spectral sequence if E, F satisfy the
hypotheses of [2, Part 111, Theorem 15.1}.

In this case we assume that R = m(E) is a subring of the rational numbers
whence B *(F)E = B *(F; R). In both cases let Y, be an Adams resolution of
M® A DF which realizes a differential algebra C such that Y, \ Y, realizes
C ® C. Then there is a filtered absolute DGMA C® *(F; R) which defines the
spectral sequence (+). Furthermore, there is a map of DGMAs a: CB2(F;
R)—= CBX(F; R) such that a, is an isomorphism.
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Proor. We are given the following Adams resolution:
(*%) M%/\DFéYODY,g---DI;H:....

The filtered spectrum Y, is defined by applying the mapping telescope
construction to a suitable sequence of fibrations. ¢, r is the canonical
inclusion, retraction, respectively. We always use (#*) evaluated on a sub-
space U of R%, and our constructions are performed only on that part of (*#)
which lies in the stable range. Define CB *(F; R) exactly as C® (DF*; R)
in Definition 4.2 except that all pairs

(9m, 2(9m)), o(OM, P(9N)), (M, P(ON))

are used as the generating set. M is a manifold with B X DF *-structure,
and $(9M): D* - Y,(U) such that r o P(ON) = P(ON). Let a: CRBA(F;
R)— CB*(F; R) be the map of DGMs induced by sending (9, (9N)) to
M. Clearly a, is an isomorphism. CHE(F; R) is filtered by letting
(ON, P(M)) € FPCBX(F; R) if ?P(‘.’)TL)(D*) C Y,(U). Standard transver-
sality arguments show that

H[FPCB(F;R)] = n,(7,) ®R
and

H[FPCRE(F; R)/FP*1CRE(F; R)] = m,(Y,s Y,uq) ®R.

The above isomorphisms are induced by sending a cycle (9, ?P(‘:)TL)) to
(—1)®PON) o p. Hence CB2 X(F; R) is a filtered DGM, except that

N2 FPCRE(F; R) may be nonzero. CB2(F; R) defines the spectral
sequence of an exact couple which is isomorphic to the one that defines the
Adams spectral sequence (*). In this spectral sequence E; = C with product
- By our hypotheses on C and Y, we can realize y, by a map pu: Y, A Yy —
Yo such that p(Y, A Y,) C Y,,, and rp(t A1) = (Mw) A (DA). Thus p, =
B, Where

p+1
UY/\Y "UY/\ ,+1)—->(Y,,,}}+,).
i=0 i=0

The product on CB #(F; R) is defined exactly as the product on % *(F; R)
in Theorem 5.3(c). This definition is based upon (9N', P(IN))
On”, ON") = (M’ x M”, W(PEOU) A POL7Y) if V'LV A
straightforward verification shows that this product meets all of our require-
ments.

Observe that % ? is natural with respect to triples (f, Df, f) where (f, Df)
is a morphism in S and f: Y- Y{ such that f( Y)c Y, forp >0 and
rofou=1ADf.
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7. Matric Massey products. We define matric Massey products on ® *(F)
and derive several of their basic properties. We consider the case R = Z first.
The case of arbitrary R is considered at the end of this section. Our definition
generalizes J. C. Alexander’s triple products [3], and we will show in Theorem
7.3 that it corresponds to G. J. Porter’s higher products [17] under the
Thom-Pontrjagin isomorphism. Cobordism matric Massey products can be
defined in the four contexts corresponding to [14, §1, (3), (4), (5), (6)].
However, all of our applications are to B *(F) so we keep our notation simple
by only discussing this one important case.

In this section F will be a finite CW complex. We assume that we are given
Spanier-Whitehead duals ((F*, *), D,F,u) in §, for 1<¢<n and
morphisms (4, D, A) in &, , such that D, A: D.F A\ D,F — D, F and

Ds,H-uA ° (l /\ Dl,uA) = Ds-H,uA ° (Ds,tA /\ l)'
For example, if F = * thenp = 0, D,F = S®and D, A = 1 will do.

The theory of this section and §8 also applies to the situation D,F = DF
A+ ADF (t times) and D, A =1. In this case Definition 7.2 defines
matric Toda products which by Theorem 7.3 correspond to Porter’s higher
Toda products under the Thom-Pontrjagin isomorphism. These Toda
products satisfy all the theorems of §§7 and 8.

The following lemma gives conditions under which the union of manifolds
with % X DF-structure is a manifold with ¥ X DF-structure. This lemma
allows us to do the pasting required to define Massey products. Note the case
E,=.--=E =@ below, where only (a), (b), (d) are applicable. This
special case is especially useful.

LeMMA 7.1. For 1 < i < t, let M be a manifold with B X DF-structure
and k-dimensional domain D, in V. For 1 < i < t, let E!'~! be a submanifold
of IM; with B X DF-structure. Assume all of the following conditions.

@D, uU---uUD, =D isadomain.

(b) Let 2<r<t, 1<k<rand 1<iy<:--<i<t Then M,
N++-NM is an (n— r+ 1)-dimensional submanifold of M,, and E
N -+ - N E, isan (n — r)-dimensional submanifold of E,.

©@Fr1<r<tandl <i;j<--:<i <t

sgneng)=( U EJngn--nE
JE{L ..., t}={in ..., i)}
DFrl<r<tandl <i;<---<i <t

a(M,.,n--'nM,-,)=[( U Mj)nM,.,n-nnM,-,
»ir}

Jje{l,...,t}={ip...
U[E"ln e n Eir]'
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(© For 1< i,j < t,E;n M= E;n E,.
Then MU - -+ UM, 0(M,U---UM)=E,U:--- U E,is a manifold
with B X DF-structure and domain D, 3D, respectively.

Proor. This lemma is proved by induction on z. The case ¢ = 2 is easy.
Assume that ¢ > 3 and that the lemma is true for ¢ — 1. Define M/ = M,
E/=E for 1<i<t—-2, M,_,=M,_,UM, and E/_,=E,_,UE,.
Straightforward computations verify (a) and (¢) for Mj, ..., M,_,,
Ej, ..., E/_,. The induction hypothesis thus implies the inductive step.

We now define cobordism Massey products. We let X denote 7!+98*x,

DEFINITION 7.2. Let (W, ..., W,) be a multipliable system of matrices
with entries in B *(F) [14,1.1] such that W, is a row matrix and W, is a
column matrix. The matric Massey product (W, . .., W, is defined if there
are matrices 4;; (0 < i <j < n, (i, /) # (0, n)) such that:

(@) For 1 < i < n, the entries of 4;_,; are disjoint closed manifolds with
@ X D,F-structure and domain 9%, in V. [4,_,;] = W, and
ViLe-- 1V,

() For 1 <j— i, the entries of 4,; are disjoint manifolds with ® X
Dj_,.F-structure and domain ;; = D,y X+ -+ X Dy XD, in V,
+--- 4+ V

(c) For 0 < i<h<k<j<n, A,,,A,,J N A,kA,w = Ay ApsArj
Hence by Lemma 7.1, 4, = UiZly14,,4,; is a matrix of closed manifolds
with @ X D;_; F-structure for 0 < i < j < n.

(d) Forj—i > 2,04,

{4;,} is called a deflmng system for <Wy, ..., W).{W,,..., W, consists
of all [Ao,,] for all defining systems {4,;}. The terms “strictly defined”,

“indeterminacy” and “defined with zero 1ndeterminacy” are defined as usual
[14].

Assume that we are given a defining system {4;;} for (W, ..., W,>. We
can isotop the entries of the 4;; to construct a new defining system {4;;} for
any domains 9,..., %D, of the appropriate dimensions which satlsfy
Definition 7.2(a). Clearly [z‘io’”] = [/f(’,,,,]. Thus there is no loss of generality in
restricting our attention to convenient domains, as we do in the proofs of
Theorems 7.3 and 7.5.

We show next that our Massey products coincide with G. J. Porter’s
associative higher products [17, §2] under the Thom-Pontrjagin isomorphism
9. Both points of view are useful. Ours is convenient when working with
spectral sequences, while Porter’s point of view is useful when defining
systems have to be moved around or changed by a cobordism. (See Theorem
7.5.) In the case where the matrices are not all 1 X 1 matrices, Porter assumes
that M % has an abelian sum. This condition is never met by the examples of
interest here. Hence in the proof of Theorem 7.3 we define a variation of
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Porter’s construction which places no additional conditions on M%B. This
construction reduces to that of [17] in the case of 1 X 1 matrices.

THEOREM 7.3. Let (W), . .., Wy) be a multipliable system of matrices with
entries in B*(F). Let (P(W)),..., P(Wy)) denote Porter’s associative
higher Massey product. Then {W,, ..., Wy) is defined if and only if
(P(W), ..., P(Wy)) is defined. If both are defined then

PLWy oo s Wad =KP(W)), ..., P(Wn ).

PROOF. Let W, be an m, X n, matrix where m; = ny, = 1. Write ¥V}, = Re;,
+ Re; + V. Let If denote the jth subinterval of the regular partition of /
into g subintervals. Define

L, (V) = I, X Ivel X 1(V})

where the cube I(V}) is defined from a fixed orthonormal basis of V.
Represent 9 (W,) by a m, X n, matrix of maps (§,(i, j)) where

& (6,0): (I;(Vie), 3, (V) > (MB(Uy (i,))) A DiF, » ).
Observe that U, (i,)) = U,(i,r,) + -+ + U(re_pre) + -+ - +
U,(r,~1,j) is independent of ry,...,r,_, and U, (i, h) + U, (h,)) =
U, ,(i, j). Choose unit vectors B,,..., By_; in R*® such that
V|.L e .LVNJ.RBI.L ¢ ’LRN—l' Define
Ip,q(i!j) = UIr;,,t'PH(Vp+I) X X Ir,,_,.rq(Vq)

XI(RB,4y + - -+ +RB,_;) X {(0,...,0)}
where the union is taken over all sequences (r,,...,r,) with r, =i and
r, =Jj. Let Udl, (1, 1) consist of all points in 3/ y(1, 1) which have some
B-coordinate one. Define (P (W)), . .., §(Wy)) to consist of all homotopy
classes which have a representative

9: (3Iox (1, 1), Udloy (1, 1)) = (M B(Ugn (1, 1)) A DyF, +)

such that:
(i) Away from the basepoint, P, ° ¢ is smooth and transverse regular to the
zero section in M % (Uy (1, 1)).
(ii) There are maps
g (51): (g (50, 3,0 (1)) > (MB(Up g (0.1)), *)
with @, ., = & for 1 < p < N. Furthermore, ¢ restricted to
Lo (ror) X oo XLy, (rpoys 1) X L0 (65 ))

XL qur (P un) X+ oo XAy (Py—1s Tw)
equals £ X « -« X & _ | X @, X &,y X -+ X & followed by Mw A DA.
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(iii) @, ,(i,)) restricted to I,,(i, h) X 1, ,(h, j) equals ¢, (i, h) X @, ,(h, q)
followed by Mw A DA.

Assume that we are given such a defining system for
(PW),..., P(Wy)). Consider the domains D, = I(V}) X [0, )8, in V,
1<i< N If (i,j)) # (0, N), ¢; defines a matrix 4;; of manifolds with
% X D,F-structure and domain ;. ¢, ;|31;; defined 4, , and ¢ defines 4, y.

Thus (W,, ..., W) is defined, and
PWyyo ooy Wy Y D (P (W), ..., @(WN))

Conversely, given a defining system for W,,..., W, with the above
domains, we obtain a defining system for (P (W), . .., P (Wy)) by applying
%', If O has domain D then P’(9N) is the Pontrjagin-Thom construction
with domain Clg-D. Thus, (P(W)), ..., P(Wy)) is defined and
PLWyy o oo s Wy CLP (WD, ..., P(Wa)).

Most of the properties of algebraic matric Massey products [14,§8§1, 2, 3]
are also valid for cobordism Massey products. The following three theorems
illustrate this point.

THEOREM 7.4. {W,, ..., W, is strictly defined in B *(F) if and only if each
partial defining system {4, ,lqg = p < k}, 1 < k < n — 1, can be completed to
a defining system.

PRrOOF. Let (W), . .., W,) be strictly defined and let {4, |g — p < k} be
a partial defining system. For 1 € p < n — k,
[Aprpei] € Wy oy W) = (0).
Hence /i'p_,, p+k 1S a boundary and 4,_, ,., can be chosen. Thus the
nontrivial half of this theorem follows by induction on n — k.

THEOREM 7.5. Let {W,, ..., W,) be defined in R*(F). For 1 < i < n let
W, =[A;_,,] as in Definition 7.2(a). Then every element of {W,, ..., W,) can
be obtained from defining systems { A, ;} which begin with these specific A

ijp

i—1,i
Proor. The analogue of this theorem is easily verified for Porter’s higher

products. Hence this theorem follows from Theorem 7.3 and the discussion
following Definition 7.2.

THEOREM 7.6. Indet{ W), W,, W3) = {U,W5 + W\ U,|U,, U; is a row,
column matrix, respectively, with entries in % *(F)}.

PrRoOF. This theorem is a translation of the corresponding fact from [3, p.
201] since our triple products coincide with those of J. C. Alexander.

We now consider matric Massey products in % *(F; R).

DEFINITION 7.7. Let (W), ..., W,) be a multipliable system of matrices
with entries in B*(F; R). {4,;; §1, ..., $,} is called a defining system for
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Wy.ooo ., W if §, ..., &, are positive integers which are invertible in R
such that all the conditions of Definition 7.2 are satisfied except that
[Aic1 =W, for 1< i< n (W,...,W,) is defined as the set of all
$' e+ 874, ] for all such defining systems {A4,;; &y, . . - » §,)-

Observe that (W, ..., W, =¢ - 8K Wy, ..., L, W,> where
<&iWys ..y §, W, is defined in B *(F) by Definition 7.2.

THEOREM 7.8. Theorems 7.3,7.4,7.5 and 1.6 remain valid when ®B* is
replaced by B *(; R).

ProoF. The proofs of these theorems for B * when interpreted according to
Definition 7.7 become proofs for B *( ; R).

8. Matric Massey products and the Adams spectral sequence. There are three
basic theorems of J. P. May [14] which relate algebraic Massey products and
spectral sequences defined by filtered differential graded algebras. We prove
these theorems for the cobordism Massey products of §7 and the Adams
spectral sequences of Theorem 6.4. Some of these theorems for triple products
were proved in [3] and were known independently to D. S. Kahn
[unpublished].

In this section F will be a finite CW complex with Spanier-Whitehead duals
D,F as in §7. We work with a fixed Adams spectral sequence as in Theorem
6.4:

(4) E, = Extg (5)(Eu(F), E(M®)) =B *(F)~

Thus (A) is induced by the filtered DGMA C% *(F; R) which is defined by
an Adams resolution Y,. The products on Y, and CRA(F; R) are only
homotopy associative. In the appendix we show how Stasheff’s theory of
A,-structures can be used to generalize the definition of matric Massey
products of §7 from CB *(F; R) to CBX(F; R). We let m: ZP9— EP4, r >
1, be the canonical map. Recall from Theorem 6.2 that the Adams spectral
sequence is bigraded so that d, has bidegree (r, r — 1). Our proofs refer only
to the case R = Z. It is straightforward to generalize them to the case of
arbitrary R.

THEOREM 8.1. Let {A;;} be a defining system for {Vy, ..., V) in E =
H(E,d),r > 1. For 1 < i< n,let V; be an infinite cycle which converges to
W,. Assume that {W,, . .., W, is strictly defined in B *(F) and that condition
(*) holds.

*) Letu > 0,1 <j— i< nandlet (p,q) be the degree of an
entry of A;;. Then EFZW3" consists entirely of infinite cycles.

Then Ay, is an infinite cycle which converges to an element of (W, . .., W,).
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Proor. The proof of [14, Theorem 4.1] applies with only minor modi-
fications once we define a defining system {B;;} for {<W),..., W, in
CB2(F). Most of the definition follows from the requirement that {a(B,))}
be a defining system for (W,,..., W, in CB *(F). The only remaining
problem is how to define the cycles B, ,j» since the standard method requires
an associative product. Theorem 8A.3 of the appendix deals with this prob-
lem.

Observe that condition (*) of Theorem 8.1 above is vacuous if E, ., = E,
while condition (##) of Theorem 8.2 below is vacuousif s = r + 1.

THEOREM 8.2. Let (V,,...,V,) be defined in E, ,= H(E,d), r > 1.
Assume that condition (»*) holds and that d(V;) =0forr <t <s,1 < i< n.

Let 1<j—i<n,r<t<sandlet (p,q) be the degree of
(**)  an entry in an element of a defining system of {Vy, ..., V).
Then EP+"~'*! = 0 and EP}1 9"+ =,

r+s—

If aelV,,...,V,) then d(a) =0 for r < t < s. Furthermore, there are
matrices Y, in E, . which survive to d,(V}), 1 < k < n, such that if

— Vv, 0 | 4
X,=(Y,,V,), X,=(}: I_/.)forl<i<n, X,,=(Y")

i i n

then {(X,, ..., X,) is defined in E,,, = H(E, d,) and contains an element y
which survives to —d,(a).

PrOOF. We put this theorem into a context where the proof of [14, Theorem
4.3] applies with minor modifications. Let {4;;} be a defining system for
Wiy ooy Vo with [dg,] = a. (B, ;) is a defining system modulo
F**+:@ %E (F)for (¥, ..., V,>in CB2(F) if the following conditions hold.

O 7(B;) =4;;and B,; = (B,J,§P( )

(i) The entries of B;_,; are disjoint manifolds with @ X D, F-structure
and domain %, in V;such that V, L ... LV,.

(iii) For n > j — 1 > 1, there are domams "D as in Definition 7.2(b) such
that

Jj—2

D = (Dig14 X Diyy;) U U (Dye X D, ;) U (D, =y X D)

t=i+2

Dy jm = (Dicy- X Digr,) U (D j=1 X D;_).

@iv) Forn > j — 1> 1, the B, have disjoint entries with domain 9, ;.
W Forn>j-i>|, 3%,,—@3 UdB, ;
(V) Forn>j-i>10%,; = 78(80%,,,)and

aud
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. J-1
77(6%,-‘,-) = . 24_"”(80%:',1 - By) = m(Biy 9,B,).
=1

(vii) For n>j—i>1,%,; =(B, 9(B,)) where B, = UJz},,B,,B,
and P(B, ;) is defined in Theorem 8A.4 of the appendix. By Theorem 8A.4,
n(B;;) = 4.

(viii) The entries of 3%,;,,, 3,B;; (j > i + 1) have filtration degree s
larger than the corresponding entries of B, ;. ;, B, ;, respectively.

We must show that D, ;,, D;;_ and D;;, N 9,;_ are domains. D}_ and
0DS;_ are simply connected manifolds and D7;_ has zero reduced homology.
By Smale’s characterization of high dimensional smooth discs [16] we see that
6D;j—s 0D = D,;, N D;;_ and hence ©D,;, are domains. Let ,; =
(D, @, U). By [16, Theorem 9.7] we can give D;; a second structure of a
domain (D;;, ¢, U) which induces 9);;, and 9,;_. Moreover ¢! o ¢’ is a
diffeomorphism of the disc. A straightforward computation verifies the
hypotheses of Lemma 7.1 for U2 ,.'+,§,.,,B, ;- Hence B, ; is a manifold which
satisfies (vi) and (vii).

The proof of [14, Theorem 4.3] can now be applied with G;; = 7(9,%; )
To construct %B,; as in [14] we choose ¢ with 3(c) = f+ h — 0d(f), h €
FPHCRX(F), r < t < sand 7 maximal.

COROLLARY 8.3. Assume in addition to the hypotheses of Theorem 8.2 that
there is only one way to choose Y,,...,Y,. Write Y;=d(V), 1 <i<n.
Suppose that all the Massey products have zero indeterminacy and that
Voo s Vet (V) Visrs - - - » V., s strictly defined in E, ., = H(E,, d)
Jor1 < k < n.Then

n — —
ds<Vl’ e ey Vn> = _k21<V], ceey Vk_], dS(Vk)’ Vk+l’ coey Vn>.

Proor. This corollary is a consequence of Theorem 8.2 and [14,
Proposition 2.10] applied to the algebraic Massey product <X, . .., X,).

THEOREM 8.4. Let {V\, ..., V,) be defined in E,_, = H(E,, d),r > 1. For
1 < i < n, assume that V, is a matrix of infinite cycles which converges to W;.
Let 1 < q < n — 2 be given such that {Wy, . .., Wy, > is strictly defined in
B*F) for 1 < k< n—gq. Let s> r be given such that condition (*) of
Theorem 8.1 holds for 1 < j — i < g, the first conclusion of condition (%) of
Theorem 8.2. holds for q < j — i, and the second conclusion of condition (x*)
holds for g+ 1<j—i. If a€(V,),...,V,) then d(a) =0 for t <s.
Furthermore, for 1 < k < n — q there are matrices Y, with entries in E,
which survive to an element of (W, . . ., Wy, such that if

Vi+4 0 Vn
v _|for1<k<n-gq, X,_,= Y.,

i i

X|=(Y|, 17]), X =

{
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then{Xy, ..., X,_,> is defined in E, ., = H(E,, d,) and contains an element
which survives to d,(a).

ProoF. This theorem is proved by combining the proofs of Theorems 8.1
and 8.2 exactly as in the proof of this theorem for algebraic Massey products
in [14, Theorem 4.5].

COROLLARY 8.5. Assume in addition to the hypotheses of Theorem 8.4 that
there is only one way to choose Y, ..., Y,_,. Suppose that all the algebraic
Massey products have zero indeterminacy and that
Viseoos Viets Y Viwgars - - - » Vi is strictly defined in E,,, = H(E, d,)
Jor1 < k< n— q.Then

n—gq - —
ds<V1, e ey V"> = k2]<Vl, ceey Vk—l’ Yk’ Vk+q+l’ e ey Vn>.

Proor. This corollary is a consequence of Theorem 8.4 and [14,
Proposition 2.10] applied to the algebraic Massey product <X, ..., X,_,>.

Appendix to §8. To complete the proofs of Theorems 8.1 and 8.2 we need
to define the construction %,; in C% #(F) in the cases when all the 9B;,,, =
0 and in the case when all the 9B;;,, # 0. We do this in Theorems 8A.3 and
8A.4, respectively, by using A4,-structures for the product pu: Y, A\ Yy — Y,

LemMa 8A.1 (D. S. KAHN [UNPUBLISHED]). Let Xy D - -+ D X, D -+ - be
spectra with v.'F, —» X, | the fibre of X, < X,. Assume that *: E*(X,)—
E*(F,) is one-to-one for r > 0. Let Y, be an Adams resolution and let f;:
Xo— Y, for i =0, 1 such that f(X,) C Y, for r > 0. If fy = f, and f§ = f}:
EXY, Y,,)) > E*(X,, X,,,) for r > O then there is a homotopy H: f, = f,
such that H(I X X,) C Y, forr > 0.

ProOF. We use the methods of [1, §3]. Assume that we have compressed a
homotopy H: Jo=/isothat H(I X X,) C Y, for r < t. Then we can deform
H|I X X, rel I X X,,, through Y, into Y, if the map

AL EX(Y, YH-I)")E*(I X Xr-o-l’i D(Xz+l)

induced by H is zero. Write X, ~ S4, X,,, =~ SBand F, = A U CB.

In Figure 2, f = (f,, f;), = collapses I X F, to a point and H is a null-
homotopy of H ° (1 X «) induced by a null-homotopy of F, ' X,,, > X,.
The diagram of Figure 2 commutes and A = (H U Cf)*.

E*(I % (X, U CX,.))) = EX(X, U CX,,,) ® E*(X, U CX,,,),
and under this isomorphism 7*(a, b) = S(a) — S(b). Thus
(1 X 9*A(x) = 7*f*(x) = 7*(fF (x), f (x)) = 0
since f§ = ff. Hence A = 0.
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Fxy,ucy,, ) —H8YD, Baxx,, ) uad % X,, )

1-1 | (1 xo*
@ ~ v,
f* 0% . EXUx F)u i x F)) <]
*
! Ex@ux Fyu i x F))
E*( x (X, U CX,,,) o
‘

E*(I x (S4 U CSB)) = E*sd » F)

FIGURE 2

THEOREM 8A.2. Let Y, be an Adams resolution, and let p: Yo\ Yo— Y,
such that (Y, p) realizes an associative differential algebra C and p. is homotopy
associative. Then p admits an A,-structure. That is, in the notation of [18], there
are maps

Mn:KnD(YO/\"'/\YO—)YO

such that M,(K, X Y \- - NY,)CY, ... 4p_ps3forn>3, My=p
and M,|3K, X Yy A -+ - A\ Y, is given by [18, Theorem 5(2)].

PrROOF. M, = p and M;: p(p A1) = p(1 A p) is given by Lemma 8A.1.
Inductively if the M, 2 < i < n, have been defined then M, ,|3K,,, X Y,
A -+« A\ Y, is defined which extends to define M, by the argument of [I,
Lemma 3.5].

We used Lemma 8A.1 to show that M,(K, X Y, A--- AY,) iscon-
tainedin Y, , ..., _,,; insteadof Y, , ..., _,,p Thisslight improvement
makes the theorems of this section apply to Massey products defined in

= H(E,d)aswellasE,,,= H(E, d,),r > 2.

THEOREM 8A.3. Make all the assumptions of Theorem 8.1 except that
{Wys..., W,> may not be defined. Let{(B,‘,,qP( I — i < g} be given for
some q > lsuch that:

@ 5B, 3(B,) = 4.

(b) 9B;; = B, i and ¥(B,)) is defined as in the proof of this theorem

Thenforj —i=gqwecan defne 9’( ) such that w(B; ;, @’( B;)) =

PrOOF. We replace the partial defining system {(PBN)N—-i< q} for the
associative higher product (P (W)),.. W,)> by a partial defining
system {G,;|j — i < q} fora nonassociative higher product. The A4,-structure
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of Theorem 8A.2 can be used to lift the G;; to the Adams resolution Y. The
liftings G induce the 9 (B J)

We begm by defining the domains Tj;, 7;; of the maps G, G We also
construct maps R,;: T,;— D} and homotopy equivalences R;;: T —dD}.

Let T;'.i+l = u+l and R 1+l = 1.Forj>i+ 1,
Jj—i
T,=U U KX A AT, ~
mm2 (<5< <S5y <J
and
Jj—i
RiJ = U U * X Ri.:, N /\Rfm-n.i
m=2i<s< 0 <$p1<j
where

(% (u, v)(a, b), 1y, ..., 2,)
~(a, tl’ ey tk—l’ (b, tk’ ey tk+o— ) tk+v’ e ooy tm)

foru+v=k+la€K,bEK, and(t,...,1,) € ,”,l/\ AT,

J
R, iy is @ homotopy equivalence by Whitehead’s Theorem since K, = I = 5

For j>i+1 let T;; be (I X J)UC( ;) with the base of the cone

identified with the base of the cylinder. 7;; is contained in T;; as the top of
the cylinder. R;; is the composite map

. c(lii,.
T,>C(T,;) - CiD% =D}

where 7 collapses the cylinder to its base.
For1<j—-i< qwedefme??( ;) and a map

:J ( ijo ) ( x—r(j—i— 1)’Y —r(j—i—z))'

We use induction on j — i beginning with G;;,, = = 9B B;iv1) ° Ry For
j—i>1961‘i l,[l lsglvenby

Gyktyy oo osty) =My o (IX Gy A+ NG, YKty oo sty)
where k €K, and (1,...,1,) € ,JlA “AT,_, Let 0, be a

homotopy inverse to R,;. Find (B B.) =G0 0 jin Y, _,;_i_5 such that
o 9(B B,)=9(B J) smce r is a fibration, Then

n(By $(B,)) =[Gu] » [24] = 4

The last equality follows from the observations that form > 3, r > I:
GfJ(Km X T; i85 A% VA 7:-,,-,,;) c Y*—r(j-i—m)—m+3

= Y*—r(j—i—2)+(r—l)m+3-2r
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and (r — )m + 3 — 2r > 1. 9(B,) ° R, is a null-homotopy of $(B,)) * R,

in Y,_,-i-1y Let G;; be this null-homotopy followed by a homotopy from

$B) o R, to G, in Y, ,;_i_» Then G, = 9(B,) ° R,

( Yeorg—i~1p Ya-rg-i-z)- If j — i = q then the precedmg constructions of
G,; and 9(B,)) apply.

THEOREM 8A4. Make all the assumptions of Theorem 8.2. Let
{®R:;,B,, B/ — i < q) be given for g > 1 such that:

(a) ()—(viii) as listed in the proof of Theorem 8.2 are valid.

(b) (B (By)) is defined as in the proof of this theorem.

Then for j — i = q we can define @( ;) such that 'n(%,d) = A and
j-1
w(a%,,) =' 24_'7(80%,-,, - B,) = (B -:B,)-

PROOF. The proof of this theorem is similar to the proof of Theorem 8A.3.
We sketch the details. Let T}, = (D;;414)* and let Tj; = T, ifj>i+ 1
For j > i + 1 define T, o R as in 8A.3 but with the T replaced by 7,,
Define 97;; = R;'(d ,‘,+) Then R (T, 3T, )—>(D,‘:‘,+, +) is a
homotopy equivalence. Let 8,7;; = D_ U (I X 3D}_) where dD;_ is iden-
tified with the base of the cylinder 0oR;j: 9,T;; - D,‘:,_ is given by 1 U P,.
Let T,; = C(T;; U3, T;) U [I X(T;; U 60 ) where aT is identified by R; i
with {l} X 0D}, in aoT, j» and the base of the cone is 1dent1f1ed with the base
of the cylinder. R;;: T;;— D} is defined as in 8A.3. As in 8A.3, G
T, = Y, ,(L_, 2 is defined by the A,,-structures on Y, G,; defines PB J)
so that G;; = ?P(B,J) ° R,J from (T i J) to (Ye_,g-i-2p
Y*—r(j—i |)+.s) aoGl,] aOT - Y* I‘(J i—1)+s is glVCn by G‘P(aOBx,]) a0
union a homotopy from 9’(60 R, |3T;; to G, |6T Define G;;: T, —-)
Y, -i-nasin 8A3.

9. Brown-Peterson homology. Let Z ,, denote the integers localized at p.
Recall that the Brown-Peterson spectrum BP is a direct summand of MU,
for a fixed prime p. (See [2].) We use this fact to construct sub DGMs CBP,
of CBU( ; Z,) whose homology is BP,. However, CBP, is not a cham
functor because of the failure of Definition 4.1(2) for CW pairs. Thus there is
no hope of generalizing the results of §6 to BP. The results of §§4, 5, 7 and §,
however, are also valid for the case % = BP. Note that in §§6 and 8 the case
E = BP was allowed. It is the case ® = BP which was not allowed but is the
focal point of our present considerations.

THEOREM 9.1. There are two functors, both denoted CBP,, from the
categories of CW complexes, and CW pairs to the category of DGMs indexed
on J. In both cases CBP (X)) is a sub DGM of CBU (X; Z(,y), and there are
natural isomorphisms H,[CBP,()] = BP,(). CBP (X) has a generating set G
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defined by X € G, q if kX is in the natural generating set of CBU, (%X ; Z, L)
for somek € Z*.

ProoF. Let X denote a CW complex, or a CW pair, and let &) € J,. For
m € {n — 1, n} define CBP,(%X)q as the submonoid of all representative
cycles in CBU,(X; Z.)g of BP,(%X). For m € {n— Lin,n + 1} let
CBP,(X)q denote the submonoid of CBU,(X; Z,)9 spanned by
CBP,, (%) and by all X such that 3(X) € CBP,,_(X)gand X # X' + X
with 9 (X’) = 0, X’ # 0. Define CBP, (%) as the sub DGM of CBU,,(%)q
spanned by CBP,,(%X)q. The conclusions of the theorem now follow easily.

EXAMPLE 9.2. Let (X, 4) be a CW pair with X connected and BP,(X, 4) #
0. For 9 € J, the canonical map

H,[CBP (X),/CBP (4)y] - MU,(X, 4; Z()

is onto and hence H,[CBP(X)gy/CBP(A)q) % BP,(X, A). From another
point of view, the following short exact sequence of DGMs does not induce a
long exact sequence in homology.

0—> CBP(A4) — CBP,(X) — CBP,(X)/CBP,(4) - 0.

We can now use Spanier-Whitehead duality to construct a functor CBP*()
from §, to the category of DGMs indexed on J @ such that H"[CBP*()] is
naturally isomorphic to BP"( ). We can also use the statement and proof of
Theorem 5.3 in the case B = BU, R = Z ) to realize the BP, cross-product,
the BP, smash-product and the BP* cup-product as pairings of DGMs.

The following definition and theorem generalize the results of §§7, 8 to
BP.

DEFINITION 9.3. Let «: BP —» MU, p: MU,y — BP denote the canonical
inclusion, projection, respectively. Let (W), ..., W,) be a multipliable system
of matrices with entries in BP*(F). Then {(W,,..., W, is defined if
UWY, - .., (W,)) is defined in MU*(F; Z,). In that case <W,, ..., W,>
= oUW, . ..., (W,)).

THEOREM 9.4. (a) Theorems 7.3 and 7.6 remain valid if B* is replaced by
BP*,

(b) All theorems of §8 with R = m(E) = Z, remain valid if B * is replaced
by BP*.

Proor. (a) Theorems 7.3 and 7.6 for BP* are a consequence of these
theorems for MU*(; Z,)) and Definition 9.3.

(b) Observe that the spectral sequence under consideration is a direct
summand of the spectral sequence of Theorem 6.4 for § = BU and the same
E. From this observation, the theorems of §8 for BP* follow from these
theorems for MU*( ; Z,,).
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